The crystallization of polymers is not, despite its importance in science and engineering, entirely understood due to the challenge of tracking the behavior of individual polymer chains in the crystallizing melt. However, increasing computational resources have brought the crystallization process within reach of molecular simulations, and several groups have published simulations of crystal nucleation and growth in polymers. Yet, these studies have focused on linear polymer chains, and no results have been reported on cross-linked polymers, which are common in everyday applications. Here, we perform molecular dynamics simulations of the homogeneous crystallization of cross-linked polyethylene at high undercooling. Large cross-link densities cause the crystallization to slow down and reduce the final degree of crystallization. As expected, cross-links are rejected from the crystals into the amorphous phase. We observe that at all cross-link densities the intercrystalline amorphous phase is characterized by a single distribution of free segment lengths (amorphous segments with no cross-links). The findings provide a basis for detailed computational studies of semi-crystalline cross-linked polymer systems.
Introduction
Structural changes induced by chemical cross-linking significantly affect the properties of polymeric materials. For example, in biological organisms, cross-linking is harnessed to build the structural protein keratin, which is found in hair, horns, claws and skin [1] . Also, the stabilization of a blood clot involves cross-linking reactions between fibrin molecules [2] . Cross-linking of synthetic polymers, when carried out in a controlled manner, can yield materials that are extremely useful in everyday applications. Thus, it has been found that crosslinking of low-density polyethylene produces a material that is resistant to heat, is mechanically durable, and provides a high level of electrical insulation. Cross-linked polyethylene is currently the material of choice for electrical cable insulations, hot water piping installations, and heatshrinkable products, to name but a few.
In the case of the commonly used peroxide cross-linking approach, cross-links are formed before the crystallization of the polymer, which potentially leads to differences in crystallization rate, degree of crystallinity, shape of crystal lamellae, and properties of the inter-lamellar phase. All these factors contribute to the mechanical and other properties of the material.
Cross-linking has been found to reduce the crystallinity in both high and low density polyethylene [3] [4] [5] [6] [7] [8] . The reduction has both a thermodynamic and a kinetic aspect: cross-links can reduce the amount of crystallizable material as well as hinder the mobility of the chains. Cross-links represent significant defects from the viewpoint of a crystal, so it would be naturally expected that crystalline regions would not contain cross-links. This notion is supported by studies on branched polyethylene, which have shown that short branches can be incorporated in the crystal but longer branches not, such that ethyl branches are included but butyl branches are excluded [9] [10] [11] [12] [13] . The impeding effect on crystal growth has also been demonstrated in a molecular simulation study [14] .
Regarding crystallization kinetics, Andrews et al. [15] studied the crystallization of natural and modified cis-polyisoprene to show that impurities-branches and cross-links-cause the logarithm of the growth rate to decreased linearly with impurity concentration. Phillips and co-workers [3, 16, 17] addressed cross-linking of polyethylene as a method to shut down the reptation mechanism, and the resulting effects on the kinetic regimes of the Lauritzen-Hoffman theory, with the crosslinked structures generally following regime III kinetics.
Molecular simulations have been used extensively to study the nucleation and growth of crystals in linear polymers. The simplest approach is to allow the crystals to nucleate homogeneously in an amorphous melt [18, 19] . Due to the large free energy barrier for homogenous nucleation, this approach requires a very large undercooling to ensure nucleation within simulation time scales. The result is typically a large number of randomly oriented small crystallites in an amorphous matrix. For more controlled nucleation at lower undercooling, it is possible to use one or more small rigid seeds in the melt [20] , a crystal template [21] , or to employ the self-seeding phenomenon [22] . The interlamellar phase has also been studied without simulating the crystallization process by generating it with Monte Carlo methods [23, 24] . This approach, while more manageable computationally, depends on the validity of the assumptions used in the Monte Carlo algorithm. To our knowledge, molecular simulation studies of crystallization have so far been limited to linear and branched [14] polymers. Molecular dynamics (MD) simulations of cross-linked polymers published previously have ignored the effect of crystallinity [25] .
Here, we conduct MD studies on the crystallization of linear and cross-linked polyethylene with varying cross-link density, considering degrees of polymerization (DP) of 300 and 1000 (methylene) repeat units. Simulation times are for 2 μs. For simplicity, and to avoid imposed constraints, we simulate homogeneous nucleation in an equilibrated melt at high undercooling. We perform analysis to investigate the crystallization rates, final degrees of crystallization, behavior of cross-links and properties of the uncrystallized material.
Methods
United-atom MD simulations were used to study the crystallization of cross-linked polyethylene melts. First, an equilibrated melt was generated using a Markov chain Monte Carlo (MCMC) simulation. Next, the melt was cross-linked in a reactive MD simulation to achieve the desired cross-link density. Lastly, the cross-linked polymer melt was partially crystallized at isothermal conditions in a non-reactive MD simulation. The procedure was repeated for several cross-link densities that correspond to gel fractions between zero and one.
All simulations were performed using the MD software LAMMPS [26] . The TraPPE-UA force field [27] was used to describe chemical bonding and van der Waals interactions. TraPPE-UA is a united-atom force field for alkanes, parameterized for both straight-chain and branched configurations. In its original form, TraPPE-UA constrains covalent bonds to a fixed length, thus suppressing bond length vibrations. Here, a harmonic bond-stretching potential was used instead, following Ramos et al. [28] . Bond-angle bending is also described using a harmonic potential, whereas torsional corrections are introduced using a truncated Fourier series. Non-bonded interactions, both intraand intermolecular, are described using a Lennard-Jones (LJ) 12-6 potential.
Equilibrium melt structure. The simulations involved monodisperse systems of (i) 300 chains of 300 repeat units (DP-300), and (ii) 100 chains of 1000 repeat units (DP-1000). For the purposes of this work, methylene was considered the repeat unit. Equilibration of such large systems is impractical using conventional MD simulations, and various methods have been developed to efficiently prepare equilibrated polymer melts for atomistic and coarse-grained simulations. In our approach, the initial conformations were generated using MCMC simulations. The probabilities of trans-gauche, trans-trans and gauche + -gauche − sequences were obtained from preliminary MD simulations of small, dynamically equilibrated, systems. The conformation of each polymer chain was created by a random walk based on the calculated population densities. The conformations were generated for a reference temperature of 350 K. The chains were then placed in a cubic simulation domain, and their packing was optimized to minimize density fluctuations, as described by Auhl and Evaers [29] . A sequence of rigid-body Monte Carlo moves, including translation, rotation, reflection, inversion and exchange of the chains, was then performed to reduce density variance within the system. Lastly, excluded volume interactions were gradually introduced in an MD simulation, while maintaining the overall chain conformations. This was achieved using a capped LJ potential, which involves a distance below which the inter-particle force no longer increases. The initial cap distance was set to 0.8σ, where σ is the zero-crossing distance of the LJ potential. An additional scaling factor was used to turn on the capped LJ interaction over the course of a 360 ps MD simulation. After this, the cap distance was brought to zero over the course of a 80 ps simulation.
Chemical cross-linking. Chemical cross-linking was performed dynamically during an MD simulation. A pre-defined number of repeat units were randomly chosen and marked as reactive. When two such units came near to each other in the simulation, a permanent chemical bond was formed between them. This was achieved using the fix bond/ create functionality of LAMMPS with a cut-off distance of 4 Å. The default functionality had to be slightly modified in order to yield correct TraPPE-UA dihedral interactions around the cross-link. The crosslinking simulations were carried out in the isothermal-isobaric (NPT) ensemble at a temperature of 350 K and zero pressure. A Nosé-Hoover thermostat was used for temperature control with a damping parameter of 0.4 ps [30] . Similarly, an isotropic Nosé-Hoover barostat was used for pressure control with a damping parameter of 4 ps. The simulation time step was set to 2 fs, and the simulation time was 500 ps. The resulting molecular weight distribution was checked to see whether the target gel fraction was achieved. Altogether twelve cross-linked systems with DP-300 chains, and three systems with DP-1000 chains, were accepted for subsequent crystallization simulations.
Isothermal crystallization. The cross-linked polymer melts were partially crystallized at isothermal conditions. Significant undercooling was necessary to accelerate the crystallization process. The crystallization simulations were carried out in the isothermal-isobaric (NPT) ensemble at a temperature of 300 K and zero pressure. A Nosé-Hoover thermostat was used for temperature control with a damping parameter of 1.6 ps Similarly, an isotropic Nosé-Hoover barostat was used for pressure control with a damping parameter of 16 ps. A constant time step of 4 fs was used in solving the equations of motion. The total simulation time was 2 μs. The total linear momentum of the system was adjusted to zero at 500 time step intervals. Coordinates of the repeat units were stored at 20 ns intervals.
Post-processing. Identification of polymer crystals, and crystalline segments within individual chains, had a central role in our analyses. Polymer crystals are aggregates of straight chain segments, referred to as stems. Crystal perception thus starts from identifying chain segments that can be considered straight. This can be achieved by dividing the polymer into chord vectors that describe its local orientation. In the case of united-atom polyethylene, a chord vector spans three repeat units (from r n 1 to + r n 1 ). A chain segment of arbitrary length can then be associated with an order parameter that represents the average deviation of its constituent chord vectors from their average orientation. The order parameter can be defined so that a value of one corresponds to a perfectly straight chain segment, and lower values correspond to increasing disorder. Stem perception thus requires two parameters to be set: (i) the considered segment length, and (ii) the order parameter threshold. In the present work, the considered segment length was set to 15 repeat units (1.9 nm). The order parameter threshold was set to 0.97. After stem perception, polymer crystals can be identified as aggregates of parallel stems. This involves two further parameters: (i) a cut-off distance for proximity, and (ii) a parallelity threshold. The former was set to 5 Å, and the latter to ± 5°. Further details of the stem and crystal perception analyses are given in Ref. [20] . Majority of the post-processing work was done using the Ovito software [31] .
Results and discussion
Cross-linking. We first created amorphous melts with varying cross-link densities to serve as initial configurations for the crystallization simulations. Fig. 1 shows the formation of a gel as cross-links are introduced, expressed using the gel fraction (size of the largest molecule relative to the whole system). To assess our reactive MD approach of randomly creating cross-links between chains, we introduced a simple random graph model of cross-linking for reference. In this model, cross-links are created between repeat units randomly, on a Monte Carlo basis, without regard to their physical position. The gel fraction and its standard deviation, as predicted by the random graph model, are shown in Fig. 1 . Although intra-molecular cross-links are more likely to occur in the MD simulations (and real systems) than in the random graph, where physical proximity plays no role, the agreement between the two is rather good. The MD simulations did lead to A. Paajanen, et al. Polymer 171 (2019) [80] [81] [82] [83] [84] [85] [86] slightly lower gel fractions, however, due to the more frequent intramolecular cross-links. Finally, we compared the results to the analytical predictions of the random graph theory by Erdős and Rényi [32] , shown in Fig. 1 as dashed lines. There is some disparity at small gel fractions, likely due to finite size effects, but above a gel fraction of 60% the agreement is perfect. An important observation here is the difference made by the molecular weight of the chains. Erdős-Rényi theory gives that reaching the gel point (a gel fraction of 50%) requires 0.5 cross-links per chain, and a gel fraction of 80% (typical in applications) requires one cross-link per chain. The density of cross-links in the system at a given gel fraction is thus inversely proportional to the length of the chains. When the chain length is increased from the rather low values typically used in computer simulations (chosen to save computation time), the required density of cross-links will be considerably decreased, as exemplified for chains of 300 and 1000 repeat units in Fig. 1 .
Crystallization. The amorphous melts with different cross-link densities were allowed to crystallize homogeneously at 300 K for 2 μs. Fig. 2a and b show the evolution of the degree of crystallinity of the DP-300 and DP-1000 systems over the course of the simulations. The crystallization curves show three distinguishable stages: (i) the induction phase before nucleation of the first crystals, (ii) the free growth phase when crystal nuclei grow essentially unimpeded, and (iii) the slow growth phase, when the crystallites limit each other's further growth. It is also obvious that cross-linking slows down and limits the crystallization. With more cross-linking, the induction phase becomes longer, and the free growth takes place at a lower rate, takes longer to complete, and terminates at a lower crystallinity level. This picture is qualitatively similar to the experimental results by Janigová et al. [33] . The systems with highest cross-link densities did not fully complete the free growth phase within the simulation time. Fig. 2c and d plot the crystallinity at the end of the simulations as a function of cross-link density and gel fraction. The dependency of crystallinity on cross-link density (Fig. 2c ) appears more linear than on gel fraction (Fig. 2d) . However, some simulations with heavily crosslinked systems terminated before the completion of the fast growth phase (see Fig. 2a and b) , which causes some downward bias in the crystallinity values of those systems (those data points are shown with lighter markers in Fig. 2c and d) . Interestingly, the two data sets in Fig. 2d seem to fall on a master curve, suggesting that gel fraction, unlike cross-link density, seems to predict crystallinity regardless of the chain length. Although the dependence in this case seems rather nonlinear, this appearance could be just due to the downward bias of the last data points. The non-cross-linked DP-300 system is something of an outlier with its high crystallinity. A possible explanation is that short and unconstrained chains can more readily free themselves from entanglements in the melt and thus crystallize better. Without cross-links, the crystallinity saturates to 50% in the DP-300 system and to 40% in the DP-1000 system. Fig. 3 shows a visualization of the semicrystalline DP-300 system with a cross-link density of 0.147 mol/l (0.74 cross-links per chain, gel fraction 0.46). The system consists of five randomly oriented crystallites with an average thickness of 30 repeat units (3.8 nm), separated by an amorphous phase with similar dimensions. Cross-links were completely excluded from the crystalline regions in all of the simulations.
The number of crystallites formed in the simulations was 4-10 and 4-6 for the DP-300 and DP-1000 systems, respectively. The number did not seem to correlate with cross-link density, but instead the lower crystallinity with more cross-linking resulted in a smaller average crystallite size.
The dynamic balance of the crystallites can be characterized by plotting the mean stem growth rate as a function of stem length (Fig. 4) . It is seen that there is a range in which stems grow; stems with a length outside this range tend to disappear (if below the range) or return to the range (if above). The lower limit of the range I min (2.9 nm or 23 repeat units) is a thermodynamic lower limit for the stability of a stem [20] . Fig. 3 . Visualization of a semi-crystalline cross-linked system using the stick representation of covalent bonds. Amorphous chain segments are shown in grey, crystalline segments are colored, and cross-links are shown as red dots.
The inset on the right shows a 20 Å thick cross-section of the system, where cross-links have accumulated to the amorphous inter-crystalline phase. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) Fig. 4 . A representative plot of the average stem growth rate as a function of stem length (DP-300 system with a cross-link density of 0.212 mol/l, or roughly one cross-link per chain). The dashed lines indicate the range of stem lengths for which the average growth rate is positive.
A. Paajanen, et al. Polymer 171 (2019) [80] [81] [82] [83] [84] [85] [86] Due to the high amount of undercooling, the value is rather low. Below this size, stems exist as thermodynamic fluctuations that occasionally reach a size above I min . The upper limit of the range can be regarded as the mean thickness of the crystallites. We observed an increased probability of stems occurring at the ends of the polymer chains. This is likely due to the greater freedom of movement at the chain end. The effect was most pronounced in the non-cross-linked systems, where the probability of a repeat unit being crystalline was 35% above the average at the chain ends (within 30 repeat units, the average crystallite size). The effect would gradually decrease towards higher cross-link densities, and vanish above 0.393 mol/l.
Chain segment analysis. The composition of the surrounding melt controls the rate of growth of a crystal. To quantitatively characterize the composition of the melt, we looked at potentially crystallizable "free segments", i.e., amorphous chain segments with no cross-links. Free segments are terminated by either cross-links, crystalline stems or chain ends. Fig. 5 shows the (mass-weighted) distribution of free segment lengths before and after crystallization for a number of studied systems. Prior to crystallization, the segment length distribution is determined by the cross-link density and, ultimately, the chain length. If the cross-link density is very large, the length of free segments follows the geometric distribution, i.e., every repeat unit has the same likelihood of being the terminal unit of a free segment (a cross-link). The probability mass function of the mass-weighted geometric distribution (which tells how many repeat units are found in free segments of length k) is given by
where p is the probability parameter. Here, the probability parameter can be interpreted as the likelihood of a repeat unit being the terminal unit of a free segment, as mentioned above. The distribution mean is p 2/ , and the variance is p p (2 )/ 2 . In other words, the (mass-weighted) average free segment length is inversely proportional to the probability parameter. If the cross-link density is low, non-cross-linked chains constitute a large fraction of all free segments. Four cases between these extrema are presented in Fig. 5a .
During crystallization, stems form within the free segments, breaking them into several shorter free segments. Surprisingly, our data show that this process again leads to a geometric distribution of free segment lengths, similar to the cross-linking process (Equation (1)). Fig. 5b shows the mass-weighted distributions of free segment lengths at the end of the simulation for four DP-300 systems. All cases, from non-cross-linked to a gel fraction of 80%, roughly follow the massweighted geometric distribution with a probability parameter = p 2.2%. This implies that free segments are created in a completely random way by the crystallization process, such that every unit in a free segment has an equal probability of being a terminal unit. We can also draw the conclusion that, when the free crystallization has finished, the composition of the melt in terms of free segments is essentially the same regardless of the degree of cross-linking. Said in a different way, the composition of the melt after crystallization is similar to a heavily crosslinked amorphous melt, even in the case of no cross-linking. However, there is one caveat that should be mentioned: in Fig. 5b , there is systematic deviation from the geometric distribution at short segment lengths, indicating that the adherence to the distribution is not perfect for free segments with lengths less than or equal to the typical stem length. Clearly, the crystallization process creates an anomalously large number of short segments (folds and loops) compared to cross-linking. Yet, the deviation at short segment lengths notwithstanding, Fig. 5b suggests that a single limiting value of the distribution parameter p can completely characterize the crystallizability of the melt for a given chain length. This proposition is based on the idea that during crystallization, the free segment distribution first roughly follows a geometric distribution with a small p (large mean length) but converges into one with the limiting value of p. For the DP-1000 systems, we found an equivalent result, but with a different limiting value of the parameter = p 1.2%. The lower value reflects the lower crystallizability of the longer chains due to a lower density of easily crystallizable chain ends. One can define an effective cross-link density at the end of free crystallization, that is, a cross-link density that would lead to the same free segment length distribution. For the DP-300 systems, the effective density is 0.66 mol/l; for the DP-1000 systems, it is 0.37 mol/l.
To understand why the crystallization would stop at a certain limiting value of p, we analyzed the crystallinity of linear chain segments. Linear segments are segments with no cross-links, i.e., segments that are free segments in the beginning of the simulation. Due to their fixed definition, it is possible to calculate the crystalline fraction of the linear segments as a function of their length, shown in Fig. 6 . The figure shows that the crystallinity turns down sharply below the length of 100 units, which likely reflects the fact that a certain amount of slack length is required to allow for the alignment and formation of a stem (with a typical length of about 30 units). From Fig. 5b , one can see that free segments of less than 100 units dominate the distribution after crystallization, likely explaining the termination of the crystallization process on a qualitative level. Fig. 6 also shows that linear segments longer than 100 units are more crystalline in the DP-300 systems than in the DP-1000 systems. We attribute this to the fact that in the DP-300 systems, segments longer than 100 units are more likely to have a chain end, which tends to increase their crystallinity.
Conclusions
We studied the homogeneous crystallization of cross-linked polyethylene using a combination of reactive and non-reactive MD simulations. We observed a systematic slowing down of the crystallization process with increasing cross-link density, evident as longer induction time, slower rate of crystallization and lower final crystallinity. The cross-links were rejected from the growing crystals and accumulated in the amorphous inter-crystalline phase. At the end of crystallization, a single distribution of free segment lengths could describe the intercrystalline melt, regardless of the cross-link density. This final distribution can be described by a single parameter, for example an effective cross-link density (even for a linear reference system with no cross-links). We propose that this distribution parameter can characterize the crystallizability of the melt, based on the observation that it converges to a limiting value regardless of cross-link density. Our work constitutes a first look at the crystallization behavior of cross-linked polyethylene using molecular simulation methods, and provides a basis for further computational studies of polymer systems that are both cross-linked and semicrystalline.
